Based on the Multiple Point Principle, the Higgs boson mass has been predicted to be 135 ± 9 GeV -more than two decades ago. We study the Multiple Point Principle and its prospects with respect to the Two-Higgs-Doublet model (THDM). Applying the bilinear formalism we show that concise conditions can be given with a classification of different kinds of realizations of this principle. We recover cases discussed in the literature but identify also different realizations of the Multiple Point Principle.
Contents
1 Introduction
The Multiple Point Principle
The Multiple Point Principle (MPP) [1] [2] [3] states that the Higgs potential should have coexisting phases: Besides one minimum at the electroweak scale of O(100) GeV there should be a degenerate minimum or degenerate minima at a scale Λ far above the electroweak scale up to the Planck scale. Based on this principle the Higgs boson mass has been predicted more than 20 years ago to be 135 ± 9 GeV [4]! A more refined analysis yielded a mass 129.4 ± 2 GeV [5] to be compared to the observed mass 125.10 ± 0.14 GeV [6] of the Higgs boson which was discovered by the CMS and ATLAS collaborations in 2012 [7, 8] .
Let us briefly sketch the derivation of this remarkable result following closely [4] : The MPP states that 1. The Higgs-boson doublet ϕ has at least two coexisting vacua 1 and 2: with the same potential value, that is, In the Standard Model with only one Higgs-boson doublet, the effective gauge-invariant potential is written, where we define φ = ϕ † ϕ,
and where the dependence of the parameters on the scale is written explicitly. Close to the second vacuum the quartic term is dominant,
The two conditions (1) and (2) above then give, using the fact that the degeneracy of the potential values requires that λ(Λ) ≈ 0,
This means that in addition to the quartic parameter λ also its β λ function has to vanish at the scale Λ. The β λ function depends in the following way on the Higgs-boson field φ:
with g t (φ) the top-Yukawa coupling and g 1/2/3 (φ) the scale-dependent gauge couplings. From the explicit form of the β λ function in the Standard Model, Nielsen and Froggatt evaluate the renormalization group equation numerically, using two loop beta functions and plot λ(φ). The evolution depends on the masses of the top-quark and the Higgs boson. Requiring a vanishing quartic parameter λ(φ) as well as a vanishing β λ function at the high scale Λ, the masses of the top quark and the Higgs boson are predicted.
Motivated by this result, the question arises what are the consequences of the MPP in the Two-Higgs-Doublet Model (THDM)? The original motivation by T. D. Lee [9] to study the two-Higgs-doublet extension has been to have another source for CP violation -one of the shortcomings of the Standard Model, where violation of CP only arises from the CKM matrix (and the PMNS matrix) and is too small to explain the observed baryon asymmetry dynamically. Another motivation has been given by supersymmetric models which require to have more than one Higgs-boson doublet in order to give masses to upand down type fermions. A more pragmatic reason is that there is nothing which prevents the introduction of more copies of Higgs-boson doublets. In particular, the ρ parameter, relating the masses of the electroweak gauge bosons with the weak mixing angle (see [10] for details) is measured close to one in agreement with the Standard Model. The ρ parameter is known to keep unchanged at tree level with respect to additional copies of Higgs-boson doublets. Eventually, let us mention that compared to the two real parameters of the Higgs potential of the Standard Model, the potential of the THDM has a much richer structure allowing for different phases. For a review of the THDM we refer to [11] .
The most general gauge-invariant potential with two Higgs-boson doublets 7) in the convention with both Higgs doublets carrying hypercharge y = +1/2, reads [12] V THDM (ϕ 1 , ϕ 2 ) = m 2 11 (ϕ † 1 ϕ 1 ) + m 2 22 (ϕ † 2 ϕ 2 ) − m 2 12 (ϕ † 1 ϕ 2 ) − (m 2 12 ) * (ϕ † 2 ϕ 1 )
(1.8)
The parameters m 2 12 , λ 5/6/7 are complex, whereas all other parameters have to be real in order to yield a real potential. Therefore we count in total 14 real parameters in contrast to two real parameters of the Standard Model.
In the work [13] the MPP has been studied with respect to the general THDM. The argumentation in this work has been developed in the following way: Supposing that the potential has a second minimum at a high scale Λ, after an appropriate SU (2) L × U (1) Y transformation the vacuum expectation values of the two Higgs-boson doublets are parametrized as [13] 
where Λ 2 = φ 2 1 + φ 2 2 . Then the conditions are studied for the potential (1.8) and its derivatives with respect to φ 1/2 to be independent of the phase ω at the scale Λ. This leads to conditions for the quartic couplings as well as their derivatives, that is, the β functions, evaluated at the scale Λ. In particular it is shown that these conditions originating from the MPP yield a CP conserving potential, obeying in addition a softly broken Z 2 symmetry giving an argument for the absence of flavor-changing neutral currents. Therefore, they continue their analysis in the framework of models with natural flavor conservation, e.g. the THDM type II.
In [14] a detailed phenomenological study of the MPP is carried out, starting from the results of [13] , and applying them to the THDM type II as well as the Inert Doublet Model. It is found that in both cases, the MPP is incompatible with the requirement of providing simultaneously the experimental value of the top quark mass, electroweak symmetry breaking and stability.
Here we show that the study of the MPP in the THDM can be implemented concisely in the bilinear formalism [15] [16] [17] . The advantage of the bilinear formalism is that all unphysical gauge degrees are eliminated systematically and the potential and all parameters are real. Basis transformations, that is, a unitary mixing of the two doublets, for instance, are given by simple rotations. Similar to the case of the Standard Model, where we have to have a vanishing quartic coupling together with its β function at the high scale Λ, we find conditions among the potential parameters and its derivatives in order to satisfy the MPP. We present a classification of all possible realizations of the MPP in the THDM. The conditions for these classes of realizations are given in a basis-invariant way and can be checked easily for any THDM.
In order to arrive at the conditions for the MPP we present the β functions of the potential parameters in the bilinear formalism (see also [18] ). We demonstrate the conditions of different realizations of the MPP in examples and we show in particular that the results of [13] can be recovered in the presently developed formalism as one possible realization of the MPP. It should be noted that other MPP solutions have been discussed in [19] in the conventional formalism. Here, we will present a complete classification of the MPP solutions in a transparent way using the bilinear formalism.
Brief review of bilinears in the THDM
Here we briefly review the bilinears in the THDM [15] [16] [17] in order to make this article self contained. We will also discuss briefly basis transformations. Bilinears systematically avoid unphysical gauge degrees of freedom and are defined in the following way: All possible gauge-invariant scalar products of the two doublets ϕ 1 and ϕ 2 which may appear in the potential can be arranged in one matrix
(1.10)
This hermitian matrix can be decomposed into a basis of the unit matrix and the Pauli matrices,
with four real coefficients K 0 , K a , called bilinears. Building traces on both sides of this equation (also with products of Pauli matrices) we get the four real bilinears explicitly,
The matrix K is positive semi-definite. From K 0 = tr(K) and det(K) = 1
As has been shown in [16] there is a one-to-one correspondence between the original doublet fields and the bilinears apart from unphysical gauge-degrees of freedom. In terms of bilinears we can write any THDM (a constant term can always be dropped), 
A unitary basis transformations of the doublets,
corresponds to a transformation of the bilinears,
It follows that R(U ) ∈ SO(3), that is, R(U ) is a proper rotation in three dimensions. We see that the potential (1.14) stays invariant under a change of basis of the bilinears (1.19) if we simultaneously transform the parameters [16] ξ 0 = ξ 0 , ξ a = R ab ξ b , η 00 = η 00 , η a = R ab η b , E cd = R ca E ab R T bd .
(1.21)
Note that by a change of basis we can always diagonalize the real symmetric matrix E. As an illustration, the following parametrization for a unitary transformation [16] 
corresponds, in terms of bilinears, to the rotation matrix
and is useful to relate a given general basis to the so-called Higgs basis (see appendix A) when the doublets acquire non-zero vacuum-expectation values. In this case, the angle β fulfils |v 0 1 | sin β = |v 0 2 | cos β (or tan β = |v 0 2 |/|v 0 1 |).
Let us also briefly recall that (standard) CP transformations, that is, ϕ i → ϕ * i , i = 1, 2, have a simple geometric picture in terms of bilinears [20] . With view on (1.12) we see that a (standard) CP transformation corresponds to K 2 → −K 2 keeping all other bilinears invariant in addition to the parity transformation which flips the sign of the arguments not written explicitly. Now let us assume for simplicity, that by a change of basis, the parameter matrix E is diagonal. For the general case of arbitrary matrices E we refer to [20] . With E diagonal we see that the potential (1.14) is invariant under the (standard) CP transformation if the parameters ξ 2 and η 2 vanish. Eventually we note that by a basis change (1.19) , (1.21) this is equivalent to any commonly vanishing entries of the parameter vectors ξ = (ξ 1 , ξ 2 , ξ 3 ) T and η = (η 1 , η 2 , η 3 ) T at the same position.
Let us also prepare the analysis of the THDM for the case of large K 0 . First we note that K 0 ≥ 0 and for K 0 = 0 the potential is trivially vanishing. We define for K 0 > 0 [16]
(1.24)
With (1.24) we can write the potential (1.14) in the form
with the functions In appendix A we recap some parts of electroweak symmetry breaking in the THDM in terms of bilinears.
Classification of the vacua
We now apply the MPP to the THDM potential, that is, we study the two conditions (1) and (2) as mentioned in section 1.1 for the case of the THDM. Analogously to the Standard Model case we consider the parameters as scale dependent. In the bilinear formalism, advantageous in the description of the THDM potential, large field configurations correspond to a large bilinear K 0 which itself is bilinear in the Higgs-doublet fields, see (1.12) . Therefore the bilinears depend quadratically on the mass scale Λ. The THDM potential is considered as an effective parametrization V THDM eff of the form (1.25), (1.26). Higherdimensional order operators are neglected since we consider a scale Λ much larger than the electroweak scale but also sufficiently below the Planck mass. For large fields close to the high scale the quartic terms are dominant, so we have
where we write explicitly the dependence of the parameters on the scale K 0 . In appendix B we briefly discuss the condition of a vanishing function J 4 at the high scale. Note that the bilinear dimensionless field k is defined on the domain |k| ≤ 1. With respect to the MPP we are looking for a potential which has a second minimum at the high scale, that is, K 0 2 = Λ 2 at a corresponding "direction" of the second minimum, see (1.24)-(1.26),
In order to have a degenerate vacuum at the high scale with the same potential value we find with respect to (2.1) for large K 0 the condition
As a function of K 0 , J 4 (K 0 , k 2 ) should provide a minimum with J 4 = 0. This requires also
(2.6) we find the condition for the beta functions at the Planck scale:
For the THDM the conditions (2.4) and (2.7) replace the ones for the SM.
Stationary points at the high scale Λ
So far we have found that a minimum k 2 should satisfy the conditions (2.4) and (2.7). We now study the stationarity structure of the dominant quartic terms. This study is quite analogous to the stability study in [16] . We have |k| ≤ 1 and we consider the cases |k| < 1 and |k| = 1 separately. For |k| < 1, stationarity of the potential requires, expressed in terms of J 4 (since
Note that we do not write explicitly the scale dependence of the parameters which implicitly is given by Λ 2 . With the condition (2.9) for a vanishing gradient we can in the case |k| < 1 write the condition for vanishing J 4 (2.4) now in the form
For det(E) = 0 the regular solution of (2.9) is
or we have for det(E) = 0 exceptional solutions. We check that for the regular solutions we have with 1 − k T k > 1 indeed
For |k| = 1 we impose a Lagrange multiplier, and the stationary solutions follow from
that is,
With these conditions for a vanishing gradient we can in the case |k| = 1 write the condition for a vanishing J 4 (2.4) now in the form
The regular solution of (2.14), that is, a solution with det(E − 1 3 u) = 0 is
We check that for the regular solution we have indeed
with u the solution of (2.17). Alternatively, we may have for det(E − 1 3 u) = 0 exceptional solutions of (2.14).
Eventually we note that we have to ensure that the stationary solutions of (2.9) for |k| < 1, respectively, (2.14) for |k| = 1 are local minima. As usual this can be done by considering the (bordered) Hessian matrix. Alternatively, in case of a stable potential, that is, a potential which is bounded from below, we may look for the deepest stationary solution or in the degenerate case, solutions, which are then of course minima.
Classification of the MPP in the THDM
Let us now study the vacuum structure with respect to the MPP in detail. Especially, we derive the conditions to have isolated points, respectively, continuous stationarity regions, corresponding to the MPP in a weaker or a stronger sense. First we recall that we can, by a basis change, (1.19), (1.21), diagonalize the real symmetric matrix E and therefore we suppose to have
We emphasize that E diagonal is assumed to hold at the scale Λ 2 . This in particular means that in principle the matrix E may be non-diagonal at a different scale. We discuss the running of the parameters of the THDM in the next section.
In order to distinguish the parameters in the new basis, where the matrix E is diagonal, from the original ones, we denote them with a prime symbol. In conventional notation the potential with a diagonal matrix E corresponds to arbitrary parameters with λ 6 = λ 7 general complex and λ 5 real.
For K 0 = 0 the bilinear space is defined on the domain |k| ≤ 1. Let us first consider the case |k| < 1.
As pointed out above, for det(E) = det(E ) = 0 the regular solution of the gradient equation (2.9) is a single point (2.11) and requires that η 00 also satisfies (2.10), providing a degenerate value of the potential. We emphasize that the condition det(E) = 0 as well as the parameter η 00 are invariant under a change of basis.
If one of the eigenvalues of E is zero, say in the diagonalized matrix E its upper component, we get from (2.9)
This is a line segment. In the case that η 1 together with E 11 are vanishing, that is, the two zero components of η and E are aligned, we may have a degenerate line of solutions satisfying (2.9). For η 1 = 0 there is no solution of (2.9). Besides, the η 00 parameter has in any case to satisfy (2.10). We want to derive these conditions in a basis-invariant way.
Firstly, we remark that one vanishing eigenvalue of the matrix E (note that E is the original parameter matrix and not necessarily diagonal) corresponds to rank(E) = 2 and this in turn gives the basis-invariant conditions rank(E) = 2 : det(E) = 0 and tr 2 (E) − tr(E 2 ) = 0 .
(2.21)
Now we can construct the conditions to have one zero in the parameter vector η aligned with E in a basis-invariant way:
We get the statement, that for a matrix E of rank 2, that is, a matrix E fulfilling the conditions (2.21), there is a line of second degenerate vacua possible if in addition the two conditions (2.22) hold and the basis-invariant parameter η 00 satisfies (2.10). This corresponds to the MPP in the stronger sense. In case that only the rank conditions (2.21) hold but not the conditions (2.22) there is no realization of the MPP possible. Similar we can treat the case that two eigenvalues of E vanish. Going to a basis where E is diagonal, we suppose that the two upper components of the diagonal matrix E vanish, then we find from (2.9) the solutions E 11 = E 22 = 0, E 33 = 0 :
This solution is a disk. In case that not both components of η aligned with the vanishing diagonal entries of E vanish, there is no solution. We note that for a solution also the parameter η 00 has to satisfy (2.10). The formulation in a basis-invariant way is as follows: Two vanishing eigenvalues correspond to a matrix E of rank(E) = 1, that is,
det(E) = 0, and tr 2 (E) − tr(E 2 ) = 0, and tr(E) = 0 .
(2.24)
Since two eigenvalues vanish, we can by a basis change always achieve that also one of the components of η vanish, aligned with one of the vanishing entries of E. This can be written in a basis-invariant way:
Only in case that in addition to (2.24) the conditions (2.25) are satisfied, we can have the MPP in form of a disk in bilinear space, that is, the MPP in the stronger sense. We note, that in this case it is required that the parameter η 00 satisfies (2.10). Otherwise, if the rank 1 conditions are fulfilled, but (2.25) do not both hold, there is no solution as a multiple point.
Eventually, we consider the case E = 0. Note that a vanishing matrix E does not depend on the chosen basis. Now, we find from (2.10), that is, the condition of a vanishing potential at the second minimum, that there is for η = 0 no solution with respect to the MPP. However, if we have in addition to E = 0 also η = 0 and η 00 = 0 we have a sphere of solutions, that is, the MPP realized in the stronger sense.
The case |k| = 1 can be treated analogously to the previous one. We look for solutions of the gradient equation (2.14) instead of (2.9). This system of four equations has in general solutions for the indeterminants k 2 as well as the Lagrange multiplier u. The solutions of (2.14) and in particular the degeneracy of the solutions depend on the determinant of the matrix Let us now turn to the exceptional cases, with at least one eigenvalue of the matrix M vanishing. The argumentation is quite analogously to the previous study where we have to replace the matrix E by M and have to take into account the condition k T k = 1.
If one of the eigenvalues of M is zero, say, without loss of generality in the diagonalized matrix M its upper component, we get from (2.9)
This gives at most two points, supposed that η 1 = 0, and otherwise there is no solution.
In addition, the η 00 parameter has to satisfy (2.15) in order to give a degenerate second vacuum. We want to find the conditions independent of the chosen basis. One vanishing eigenvalue of the matrix M corresponds to rank(M ) = 2, hence, basis-invariantly written, rank(M ) = 2 : det(M ) = 0 and tr 2 (M ) − tr(M 2 ) = 0 .
(2.28)
The conditions to have one zero in the parameter vector η aligned with the vanishing eigenvalue in M are
In case there is a solution of a vacuum with u from (2.14) satisfying the conditions (2.28) and also the conditions (2.29), there are points as a second degenerate vacuum possible supposed that η 00 satisfies (2.15) . Suppose now that the two components, say, the upper components of the diagonalized matrix M vanish, then we find from (2.14) the solutions
Only in case that we have also the two vanishing components of η aligned with the vanishing eigenvalues of M , we get a circle of degenerate solutions; otherwise there is no solution.
The formulation in a basis-invariant way is as follows: Two zero eigenvalues correspond to a matrix M of rank one, that is, Only in the case that both conditions (2.31) and (2.32) hold, with η 00 satisfying (2.15) we can have the MPP realized in form of a circle in bilinear space. In all other cases there is no second vacuum possible. Eventually, we consider the case M = 0. Then, we find from (2.15), that is, a vanishing potential at the second minimum, that there is for η = 0 no solution with respect to the MPP and in case of η = 0 we have a surface of a sphere of solutions, that is, the MPP in the stronger sense. Note that these conditions are already basis invariant.
Let us mention that we have seen, that in addition to a vanishing eigenvalue of the matrix E, respectively, M = E − u1 3 , also the corresponding component of η has to vanish (in a basis where E , respectively M , is diagonal). This in turn means that we do have CP conservation in this case [20] . We thus confirm the result [13] that the MPP in the THDM in the stronger sense corresponds to a CP conserving potential. In the strongest case where the second vacuum is a degenerate sphere we have to have E = 0 together with η and η 00 vanishing. This means that the potential has J 4 = 0 for all k. In conventional notation this gives λ 1 = λ 2 = λ 3 and λ 4 = λ 5 = λ 6 = λ 7 = 0.
Moreover, let us note the interesting aspect of solutions corresponding to |k| < 1 (see [16] for details), which give charge-breaking minima and solutions corresponding to |k| = 1 which give electroweak symmetry breaking SU (2) L × U (1) Y → U (1) em , however, for a second vacuum at a high vacuum expectation scale Λ, there is no reason to discard the possibility of charge-breaking minima.
We summarize our findings in table 1.
Constraints from the quantum potential
Thanks to the bilinear formalism, the 1-loop β-functions of the general THDM can be put in a concise tensor form (see appendix C), allowing one to perform an analytical study of the renormalization group. In the case where |k| < 1, using (2.9) and (2.10), the constraint (2.7) can be put into the following form:
33)
where we defined for convenience the strictly positive quantities g ≡ 9 20 g 2 1 g 2 2 and G ≡ and where the definition of the T -tensors is given in (C.18). If |k| = 1, we must use (2.14) and (2.15) and the constraint now reads
(2.35)
Let us first consider a simplified situation where the theory does not contain Yukawa couplings. In that case, eq. (2.33) becomes
36)
and has in fact no solutions. This can be seen by working in a basis where k = (k 1 , 0, 0) T , and where the term in the brackets now reads
Clearly, since k T k < 1 the right-hand side is a positive quantity. This holds in any basis, and implies in turn that Table 1 : Classification of possible realizations of the MPP in the THDM. The last column gives the kind of realization of the MPP or no in case the MPP is not realized. The upper part gives solutions for the case |k| < 1 and the lower part for the case |k| = 1. In all cases where the MPP is realizable, the parameter η 00 has to fulfill the condition (2.10), respectively, (2.15). The solutions of the vacuum vector k follow from (2.9), respectively, the solutions of k and u from (2.14). The conditions are given in a basis-invariant way and therefore directly applicable to any THDM.
We therefore have proven that in absence of Yukawa couplings, and if k T k < 1, eq. (2.7) cannot be satisfied, which means that the MPP cannot be realized. Applying the above reasoning to the case k T k = 1 we get the same conclusion.
The situation changes if we consider Yukawa couplings. For the known fermions we will see that only the dominant contribution from the top quark allows for a realization of the MPP. Alternatively, lower bounds on the Yukawa couplings could be given in order to have the MPP realized.
Comparison with previous work on the MPP in the THDM
As a concrete application of the results derived in sections 2.2 and 2.3, let us take the example of a THDM type II 1 . Thus we will be able to compare our results with the ones from [13] and [14] .
The scalar potential considered in [13, 14] is the general potential but with the restriction λ 6 = λ 7 = 0. With these assumptions the quartic couplings (1.16), (1.17) simplify as:
By a basis change we can diagonalize the matrix E without changing η 00 , η. In the new basis the parameter λ 5 is real,
The most general form for the vacuum expectation values of the doublets may be parametrized as [13] 
42)
where Λ 2 = φ 2 1 + φ 2 2 . In terms of the bilinear fields, this corresponds to K 0 = φ 2 1 + φ 2 2 = Λ 2 , K 1 = 2φ 1 φ 2 cos(θ) cos(ω),
43)
so there is a direct mapping between (φ 1 , φ 2 , θ, ω) and (K 0 , K 1 , K 2 , K 3 ). Since this will be useful in the following, we note that
(2.44) Therefore we find that for cos(2θ) = 1 or, equivalently, cos(θ) = ±1 we have k T k = 1.
We can now begin the comparison between the present work and the previous analysis of the MPP by Froggatt and Nielsen. The study in [13] results in two possible vacuum configurations, namely
which respectively correspond to a charge-conserving, CP-violating and a charge-breaking CP-conserving minimum.
In the first case, (2.45a), that is, cos(θ) = ±1, we have k T k = 1 at the vacuum. Also Froggatt and Nielsen require that the value of the potential at the minimum is independent of ω, meaning that, with view on (2.43), in the approach developed in the present work, this corresponds to a circle-shaped vacuum. This in turn requires, as can be seen from table 1, that there is a basis where the parameters must satisfy Requiring that |k 3 | < 1, it can be shown that the choice of the solution depends on the sign of λ 1 and λ 2 , thus giving
In addition, ensuring that the extremum is a minimum rules out the second solution (2.50). The only remaining set of constraints (2.49) corresponds to the one derived in [13] .
We now turn to the second case (2.45b) where cos(θ) = 0. Making use of (2.43), this means that k 1 = k 2 = 0 and, in the case where neither φ 1 nor φ 2 vanish, |k 3 | < 1. 2 In any case, from a geometric point of view, the solution is a point, meaning that none of the eigenvalues of the matrix E should vanish. Applying the constraints (2.9) and (2.10) gives:
or, in conventional parameters,
where obviously the quantity λ 1 λ 2 must be positive. In addition to the above constraint, we can work out the condition |k| < 1 to give in the conventional formalism:
Once again we want to ensure that the solution is a minimum, meaning here that E 33 must be positive. This rules out the first solution while the second set of conditions corresponds to the one in [13] . Thus the present formalism agrees with the results of Froggatt and Nielsen in both cases.
Finally, relation (2.7) must hold if the MPP is to be realized. This results in an additional constraint among the beta-functions, that is 3 :
Injecting the expression of the bilinear couplings in terms of the conventional parameters gives:
In the case of the charge-conserving vacuum (2.45a) we have λ 5 = β λ 5 = 0 and k 2 1 + k 2 2 + k 2 3 = 1. With these relations as well as the expression of k 3 in (2.15) in terms of the conventional parameters we find
In the other case (2.45b), we have k 1 = k 2 = 0 and with (2.10) we find
These two expressions exactly match the condition (26) from ref. [13] , with the only difference that here we did not need to consider the sign of λ 4 . Instead, what distinguishes the two cases is the shape of the MPP vacuum.
To summarize this section, we have shown that the constraints derived by Froggatt and Nielsen [13, 21] and later reused by McDowall and Miller [14] in the framework of a THDM type II constitute in fact a very particular case of the application of the formalism developed in this paper and can be easily recovered. We stress that numerous different realizations of the MPP may be derived in the same manner using the classification from table 1, which might lead to various phenomenological implications of this principle at the EW scale. Let us emphasize that the conclusion in the works [13, 14, 21] , that the MPP in the THDM cannot be realized for a SM-like Higgs-boson mass and the observed top-quark mass is based on a special case of the MPP. Here we have seen in the geometric approach in terms of bilinears that the THDM may develop many more different kinds of realizations of the MPP.
Example potential
As an additional example we study a CP conserving THDM potential in which the parameters in conventional notation (1.8) satisfy
Let us recall that these relations are assumed to hold at the scale Λ. In bilinear space (1.14) this corresponds to the quartic parameters in the form
With view on table 1 we have the case det(E) = 0, tr 2 (E)−tr(E 2 ) = 0, but with tr(E) = 0. together with η T Eη = E 11 η 2 1 = 0 and also (Eη × η) T (Eη × η) = 0, that is the MPP is realizable as a disk supposed η 00 satisfies the condition (2.10).
Let us look into the solutions in detail. First we note that we can, by a change of basis (1.21), with the rotation matrix
shift both, the diagonal entry as well as the corresponding entry of η. This case corresponds therefore to the case (2.23) with two vanishing eigenvalues of E. In order to study the MPP we consider first the case |k| < 1. The second vacuum follows from (2.9)
This is indeed an open disk in the y − z direction with border radius 1 − η 2 1 /E 2 11 . The parameter η 00 has thereby to fulfill the condition (2.10),
(2.62) Moreover, the β functions have to satisfy (2.7). In the case that we only consider the potential without any Yukawa couplings these conditions read
again at the scale Λ 2 .
For |k| = 1 the stationarity condition is given by (2.14) with a Lagrange multiplier u. For u = 0 we get an exceptional solution at the border of the solution (2.61),
which is, as to be expected from 
that is, two possible points with corresponding values for the Lagrange multiplier
The condition (2.15) restricts the parameter η 00 ,
corresponding to one of the two discrete vacua in (2.65). Besides, we have to satisfy the condition for the beta functions (2.7), that is,
We note that the potential is CP conserving [20] (see section 1.2) and we conclude that the MPP is realizable in the stronger sense with a continuous disk of degenerate stationary points with the parameters and its β functions satisfying the discussed constraints. If these constraints are not fulfilled we may get at most an isolated point, that is, the MPP in the weaker sense, where the parameters and β functions have to have in particular to satisfy (2.67) and (2.7).
Application of the MPP: From the high scale to the EW scale
Having classified the possible types of vacua at the high scale Λ, we now want to study the MPP and its low-energy phenomenological implications. The method we use in this analysis can be summarized by the following steps:
• At the high scale Λ we encounter 7 real parameters from the quartic part of the potential besides the parameters of the Yukawa couplings. The three gauge couplings can be run up from their known values at the electroweak scale.
• We consider the constraints provided by the MPP at the high scale Λ.
• We run all couplings down to the electroweak scale by the evolution equations. At the electroweak scale we have to consider in addition the quadratic parameters of the potential. These quadratic parameters are constrained since the model should provide the observed spontaneous electroweak symmetry breaking.
• We scan over all remaining free parameters.
• For every parameter set, we compute the masses of the physical Higgs bosons of the THDM and the masses of the fermions.
The purpose of this analysis is to study the implications of the MPP on the masses of the physical states, namely the five masses of the physical Higgs bosons and the masses of the fermions. The main goal is to determine whether the application of the MPP to the THDM may yield correct (i.e. observed) masses of a Standard-Model-like Higgs boson and the top-quark mass. In appendix A we recall the mechanism of spontaneous symmetry breaking in the THDM in the bilinear formalism. In particular we present in this appendix the mass matrices of the Higgs bosons and the mass of the pair of charged Higgs bosons.
Example: MPP as a spherical vacuum
As an application of our methods, we now study a THDM potential with the MPP realized as a spherical vacuum characterized by the potential parameter matrix E = 0 (respectively M = 0 for |k| = 1) (see table 1 ). We consider for simplicity only the top Yukawa coupling and we stay in the framework of a THDM type III, where in general none of the two couplings has to vanish. Note however that other types of THDM can be obtained as special cases when either y t or t is set to 0. In appendix D we show the Lagrangian of the top quark Yukawa coupling and its behavior under Higgs-basis changes.
Following the discussion in section 2 we have to consider the cases |k| < 1 and |k| = 1. In case |k| < 1 (2.33) reads
and can be further evaluated if we choose a basis where k = (0, 0, k 3 ) T ≡ (0, 0, k) T :
This is a quadratic equation in k. It can be shown that a necessary condition for this equation to have real solutions is
where the lhs is basis invariant and where the rhs can be evaluated using the 1-loop running of g 1 and g 2 . At the scale Λ = 10 16 GeV, the condition reads
4)
Given the above inequality, and under the assumption that the lhs is roughly of order y SM t , we expect the top quark to be the only fermion that couples strongly enough to the Higgs doublets to satisfy it. However the situation may not be as clear in some limiting cases, e.g. a THDM type II with a high value of tan(β).
We now turn to the case |k| = 1, where the evaluation of (2.35) in the same basis as above gives a constraint on the Lagrange multiplier u, namely
(3.5)
Similar to the previous case, we have a necessary condition for this equation to have solutions, that is,
We note that in both cases we can reduce the number of free parameters by considering real Yukawa couplings with y t = |y t | e iθy and t = | t | e iθ . This is achieved by considering the U (2) basis transformation (see appendix D)
corresponding, in terms of bilinears, to a rotation matrix R(U ) (1.23). The latter is in fact a rotation around the z-axis which in our case can be performed without loss of generality. We illustrate in Fig. 1 the constraints on y t and t in both cases, showing the regions of the (y t , t ) plane providing real solutions for (3.2) and (3.5).
Choosing a specific value for the Yukawa couplings we can fix all the relevant parameters at the high scale: In case |k| < 1 all the quartic couplings vanish whereas in case |k| = 1 the non-zero parameters are related to the Lagrange multiplier u via
It is remarkable that in both cases this set of couplings implies CP conservation at the level of the quartic part of the scalar potential [16] . The only remaining possible source of CP violation is a non-zero value for the scalar mass coupling ξ 2 in the basis chosen above.
The next step is to perform the running of the couplings down to the electroweak scale, where the study of spontaneous symmetry breaking will eventually allow for the determination of the masses of the Higgs bosons and the fermions. At the electroweak scale we have to consider the quadratic parameters ξ 0 , ξ i, i=1,2,3 of the Higgs potential. These couplings are however subject to constraints in order to give a proper SU (2) L × U (1) Y → U (1) em symmetry breaking pattern. Using (1.22), we can trade these four parameters for u EW , β, ζ and v 0 . The latter is known since it corresponds to the Standard Model vacuum-expectation value v 0 ≈ 246 GeV.
The angles β and ζ parametrize the basis transformation (1.22) which allows to achieve the form of the Higgs basis (A.4). We note that a non-zero value for ζ will in our case generate CP violation at the level of the scalar potential, and accordingly imply a mixing between the scalar and pseudo-scalar physical states. For simplicity reasons we consider the case ζ = 0, in which we will identify the lightest neutral scalar with the CP-even Standard-Model like Higgs boson.
Results and discussion of the spherical vacuum
We now present the results of the numerical analyses for the MPP for a Higgs potential providing a spherical vacuum. In order to detect the minima at the electroweak scale we have to solve the corresponding gradient equation (see appendix A and [16] ). In principle, we may encounter regular and irregular solutions of these equations. However, for all benchmark points of the irregular solutions we find at least one negative eigenvalue of the scalar mass matrix (A.7). These cases are therefore ruled out. For the regular solutions, we show in Fig. 2 the results of the numerical analysis in the (m h , m t ) plane for several values of the high scale Λ, namely Λ = 10 15 , 10 16 , and 10 17 GeV. We emphasize that the free parameters of the model are y t (Λ), t (Λ), β and u EW . All the displayed parameter points were selected according to the following constraints and assumptions:
• In the basis where k = (0, 0, k) T , the Yukawa couplings (y t , t ) are taken in the range [−1, 1] and are chosen such that (3.2) or (3.5) have solutions, in the cases |k| < 1 and |k| = 1, respectively.
• We vary β in the range between − π 2 and π 2 and u EW between 0 and 10, supposing that the classical scalar potential has a global minimum at the EW scale 4 . This is ensured by requiring Theorem 3 of [16] to be satisfied.
Clearly, for a scale Λ 10 16 GeV, the MPP provides values of (m h , m t ) compatible with the observed values for a certain region of the parameter space. This is no longer the case for higher values of this energy scale. These results agree with [14] , where the MPP was shown to give a top quark mass too high to be compatible with the measured value in the context of a THDM type II, with Λ ≈ M P lanck ≈ 10 18 GeV.
Conclusion and outlook
The MPP [4] forces the Higgs potential to provide degenerate vacua with the same potential value. A long time before the discovery of the Higgs boson, its mass has been predicted to be 135 ± 9 GeV based on this principle applied to the Standard Model, a quite remarkable result.
Some effort [13, 14, 21] has been spent to apply the MPP to the TDHM. This has been done in the conventional formalism, where the gauge degrees of freedom appear explicitly. Here we have studied the MPP in the THDM applying the bilinear formalism [15] [16] [17] . This formalism turns out to be quite powerful to study models with additional Higgs-boson doublets.
We have classified all different types of degenerate vacua in the THDM. In particular, we find degenerate vacua which realize the MPP in a weaker sense, providing additional isolated points, but also realizations in a stronger sense of line segments, circles, surfaces of spheres, as well as spheres. We have presented the classification in a basis-invariant way. For any THDM the corresponding conditions for the different types of realizable MPP's can be easily checked.
We recover the MPP cases studied in the literature but in addition can identify different realizations of the MPP in the THDM. It would be very interesting to show whether these new realizations of the MPP can give THDMs which are stable, have the observed electroweak symmetry-breaking behavior, and fulfill all the experimental constraints.
We have studied the β functions of the THDM in detail in terms of bilinears and have shown that the MPP, considering only the THDM potential, is not realizable. This changes if we consider the Yukawa couplings.
As an example, we have studied a spherical-shaped vacuum in a general THDM with a simplified matter content. Releasing the constraint that the MPP scale must equal the Planck mass, we have shown that some regions of the parameter space may give the correct, that is, observed masses of a Standard-Model-like Higgs boson and the top quark.
Our analysis is done at the one-loop order of the β functions and using the treelevel RG improved potential. In future we would like to consider higher orders and also the dependence of the results on the chosen scheme. Also we would like to consider the experimental constraints from negative searches of additional Higgs bosons. Eventually, we want to extend this study by considering all three families of fermions also in the context of THDMs with natural flavor conservation.
where v 0 ≈ 246 GeV is the Standard Model vacuum-expectation value. Then we can expand the fields about the minimum, giving
.
(A.4)
As has been shown in [16] , the observed electroweak symmetry breaking, that is, a nontrivial vacuum with both charged components of the doublets vanishing, (A.1), corresponds to
This minimum of the potential can be found from the gradient of the potential by introducing a Lagrange multiplier u EW in order to satisfy (A.5), that is, from
with V the potential as given in (1.14) . Supposed the potential has the correct electroweak symmetry breaking, corresponding to a solution of (A.6) the mass matrix for the neutral scalars (ρ , h , h ) is given by:
where the second equality was obtained using relation (A.6). Due to the dependence on u EW , it appears that one way to approach the decoupling limit is to have high values for u EW . The mass of the charged Higgs is given by:
where we see that the charged Higgs-boson mass is proportional to the Lagrange multiplier u EW .
B Suppression of the quadratic terms of the THDM potential
Here we briefly argue that the MPP applied to the THDM (1.25)
requires that the function J 4 vanishes at a high scale Λ. We first note that J 2 (k) and J 4 (k) depend linearly on the quadratic and quartic potential parameters; see (1.26) , in addition to the dimensionless fields k with |k| ≤ 1. Therefore we expect that the absolute values of J 2 and J 4 are not much larger than one since the parameters should not be too large for perturbativity reasons.
We first consider the potential at the electroweak scale, that is at the scale Λ = O(100 GeV). The non-trivial minimum of the potential is at K 0 1 = −J 2 /(2J 4 ) with a corresponding potential value of V THDM = −J 2 2 /(4J 4 ). The MPP (see (1.1) and (1.2)) requires to have the same potential value at the high scale. We expect from the running of the parameters that also the functions J 2 and J 4 depend on the scale, so let us denote these functions at the high scale with a prime symbol, J 2 and J 4 . Even that they are in general different from J 2 and J 4 at the electroweak scale, we expect their absolute values also not to be much larger than one. Now the condition, that the potential value is degenerate at the high scale gives
This in turn means that J 4 goes to zero for large Λ supposed J 2 , J 4 , and J 2 are not too large. This condition simply arises from the principle to have degenerate vacua with the same potential value.
C One-loop RGEs in the bilinear formalism
The RGEs of the THDM were computed using an updated version of PyR@TE [22, 23] , where the scalar mixing is correctly taken into account. We compute the β functions in the bilinear formalism. As we show, in this formalism, the RGEs can be put into a condensed tensor form where the β-functions inherit the transformation properties of the associated parameters under a change of basis.
C.1 Full form
Scalar mass couplings: 
Quartic couplings:
For clarity, we do not display in the β-functions below the terms containing Yukawa couplings. 
C.2 Tensor form
In order to express the RGEs in a compact tensor form, it is useful to define some abbreviations. We use in this paper the following expression for the Yukawa Lagrangian:
where ϕ a = εϕ * a = iσ 2 ϕ * a as usual. Defining We note that U has an upper index, since ϕ transforms in the anti-fundamental representation of the global U (2) symmetry.
We can now define the following tensors, which will be useful to express the β-functions in a concise way, with N c = 3 denoting the number of flavors: We see that, as in the Standard Model, the top mass is given by
We This general form can be specialized to other types of THDM by imposing that either y t or t vanishes in the original basis. In this case β can be understood as the usual physical parameter related to the ratio of the vevs.
